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Abstract 
The achromatic number ~b(G) of a simple graph G is the largest number of colours possible 
in a proper vertex colouring of G in which each pair of coiours appears on at least one edge. 
The problem of determining the achromatic number of a tree is known to be NP-hard (Cairnie 
and Edwards, 1997). In this paper, we present a polynomial-time algorithm for determining the 
achromatic number of a tree with maximum degree at most d, where d is a fixed positive integer. 
Prior to giving this algorithm, we show that there is a natural number N(d) such that if T is 
any tree with m>~N(d) edges, and maximum degree at most d, then ~(T) is k or k - 1, where 
k is the largest integer such that (k2)~<m. (~) 1998 Elsevier Science B.V. All rights reserved 
Keywords: Achromatic number; Tree; Algorithm 
I .  In t roduct ion  
A pair-complete colourin9 of a simple graph G is a proper vertex colouring such 
that each pair of  colours are present on at least one edge. The achromatic number 
qJ(G), which was introduced by Harary et al. [7], is the largest number of colours 
possible in a pair-complete colouring of  G. A harmonious colourin9 of a simple graph 
G is a proper vertex colouring such that each pair of colours are present on at most 
one edge. The harmonious chromatic number h(G) is the least number of  colours 
possible in a harmonious colouring of G. For surveys of  results on the achromatic 
number, see Hughes and MacGil l ivray [8] or Edwards [3], the latter of which also 
surveys harmonious colouring. In this paper, we shall use several results on harmonious 
colouring to prove new results on the achromatic number. If a graph has exactly (~) 
edges, for some positive integer k, we will refer to it as exact. The following definitions 
are useful in the study of  the two parameters ~b(G) and h(G): 
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Definition. Let m be a positive integer. Then we define q(m) to be the largest integer 
k such that (~)~<m, and Q(m)to be the least integer t such that (~)>~m. It is easily 
calculated that q (m)= L½(I + 8x/rffm + 1)J and Q(m)= r½(1 + v /~ + 1)]. 
Remark. Given a graph G with m edges, we immediately have that ~b(G)<~q(m), since 
in any pair-complete colouring there must be at least as many edges as there are pairs 
of colours. Similarly, for any graph G with m edges, h(G)>>,Q(m). 
Definition. Let m be a positive integer. Then we define r(m) as r (m)=m- (q(2m)). 
Remarks. (1) For any graph G with m edges, deleting r(m) edges results in a graph 
with (q(m)) edges. (2) For any m, we have r(m)=m-(q(2 m)) <(q(2)+l)-(q(m)) =q(m).  
It is known that it is an NP-hard problem to determine the achromatic number of 
a tree [1], and, hence, of a forest as well. However, in this paper, we show that 
this problem becomes more tractable if we fix an integer d and restrict our attention 
to forests with maximum degree at most d. This is interesting, since, in general, it 
would appear that restricting a problem that is NP-hard for general forests (respec- 
tively trees) to bounded degree forests (respectively bounded degree trees), often does 
not render the problem tractable. Garey and Johnson [6] list only a few natural graph 
problems that are NP-hard for forests or trees, e.g. WEIGHTED DIAMETER, SUB- 
GRAPH ISOMORPHISM and BANDWIDTH. Of these, the complexity of WEIGHTED 
DIAMETER when restricted to trees of bounded degree is not known to us. However, 
BANDWIDTH remains NP-hard even for trees of maximum degree at most three [5], 
and SUBGRAPH ISOMORPHISM remains NP-complete ven when the input graphs 
are both forests of maximum degree at most two (the proof is an easy modification of 
the proof given in Chap. 4 of Garey and Johnson [6]). 
In Section 2, we show that for fixed d, there is a natural number N = N(d) such that 
i f F  is any forest with maximum degree at most d and m>~N edges, then ~b(F) is q(m) 
or q(m)- 1. In Section 3, we present a polynomial-time algorithm for determining the 
achromatic number of a forest (or tree) with maximum degree at most d. 
2. Forests of bounded degree 
As we shall see later, e.g. case 2 of the proof of Theorem 11, there exist arbitrarily 
large forests F with m edges for which O(F )~ q(m). However, in this section we are 
able to show that for any fixed positive integer d, there is a natural number N = N(d) 
such that if F is any forest with m>~N edges and maximum degree at most d, then 
~(F) is q(m) or q(m) - 1. We now outline the main ideas behind the proof of this 
result. I f  F is not exact, we form an exact forest by removing edges from F as follows: 
if F has few leaves, we perform a series of special operations called delete and tie 
operations; if F has lots of leaves, we simply remove leaves. The exact forest is then 
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coloured harmoniously with an optimal number of colours. We are then able to prove 
the overall result by extending this colouring to a pair-complete colouring of F with an 
optimal or near optimal number of colours. We 'transfer' from the optimal harmonious 
colouring to a pair-complete colouring using the following easy lemma, which we state 
without proof. 
Lemma 1. Let G be a graph with (~) edges. Then a proper vertex colouring of G 
with k colours is harmonious if and only if it is pair-complete. 
To colour the exact forests harmoniously, we make use of a number of results on 
harmonious chromatic number [2]. We now state the first such result, which concerns 
forests of bounded degree with many leaves. 
Theorem 2 (Edwards [2]). Let d be a positive integer and let e>0. Then there exists 
an integer M(d,e) such that if F is any forest with m>~M(d,e) edges, maximum 
degree at most d and at least em leaves, then h(F)= Q(m). 
We now turn our attention to forests of bounded degree with few leaves. We con- 
sider, for fixed d and fixed ~0 > 0, forests with maximum degree at most d, whose 
leaves form a proportion at most e0 of the vertices. We begin with a definition and a 
proposition from [2]. 
Definition (Edwards [2]). A 2-path of length j in a forest F is a path of length j (i.e. 
with j edges and j + 1 vertices) all vertices of which have degree 2 (including the 
end-vertices). A 2-path is maximal if its end-vertices are both adjacent o a vertex of 
degree not equal to 2. Note that a 2-path of length 0 is just a vertex of degree 2. 
Proposition 3 (Edwards [2]). Let j be a positive integer, and let ~o be a positive real 
number. Let F be any forest with m edges and at most eom leaves. Then at least 
(1 -e )m of the edges of F lie on a 2-path of length at least j, where e = 2(j + l)e.0. 
2.1. Delete and tie operations 
Let F be a forest, and let P3 be a 2-path of length 3 in F consisting of the vertices u, 
v, w and x, and the edges {u,v}, {v,w} and {w,x}. Then we define the delete and tie 
operation on F with respect o P3 as deleting the edge {v, w} from F and identifying 
vertices u and x. As an example, performing a delete and tie operation on the 2-path 
of length 3 defined by the vertices u, v, w and x shown in Fig. 1 below, we obtain 
the tree shown in Fig. 2, where z is the vertex formed by identifying u and x. 
1 Let F be a forest with m edges and at most e0m leaves, where e0<~. By 
Proposition 3, at least (1 -8eo)m of the edges of F lie on a 2-path of length at least 3. 
Thus, if m ~>N0, say, there is a set S of 2-paths of length 3 in F satisfying: (i) no pair 
of paths in S share a vertex in F, (ii) S contains q(m) -  1 paths in total. Hence, if 
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m>>.No, we can always form an exact forest from F as follows: i f F  is exact, we can 
perform delete and tie operations on all q(m) -1  of the paths in S; if F is not exact, we 
can perform delete and tie operations on r(m) of the paths in S, since r(m)<~ q(m) -  1. 
In this paper, when performing a series of  delete and tie operations on a set P of  2- 
paths of  length 3 in a forest F, we will insist that none of the 2-paths in P share 
a vertex in F. Such a series of  delete and tie operations never creates a vertex with 
degree greater than four. Now we prove an important property of exact forests which 
have been formed using a series of  delete and tie operations of this kind. 
Lemma 4. Let F be a forest and let F' be a forest with exactly (~) edges that was 
formed by performing a series of delete and tie operations on F. f f  h(F') = k, then 
~(F)>>.k. 
Proof. I f  h(F ' )= k, there is a harmonious colouring 7 of F '  with k colours, which, by 
Lemma l, is also pair-complete. For each edge {v,w} that was deleted from F under a 
delete and tie operation, we have 7(v )# 7(w), since v and w are a distance two apart 
in F ' .  Hence, 7 immediately induces a pair-complete colouring of  F with k colours in 
the obvious way (if two vertices u and x in F are identified to a vertex z in F' under 
a delete and tie operation, then the colour 7(z) is given to both u and x). [] 
Before proving the main result of this section, we quote a result on harmonious 
chromatic number. 
Theorem 5 (Edwards [2]). Let d be a fixed positive integer. Then there is an integer 
Ao(d) such that if F is any forest with maximum degree at most d and with m >>.Ao(d) 
edges, then 
h(F )=Q(m)  or Q(m)+ l. 
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Furthermore, if F has a least Q(m) - 2 /(°t2 m)) -m / vertices of odd degree, then 
L 
h(F) = O(m). 
Specialising the above theorem to apply to exact forests only, we get the following 
corollary. 
Corollary 6. Let d be a fixed positive integer. Then there is an integer A =A(d) such 
that if F is any forest with m= (k2) edges where m>~A, F has maximum degree at 
most d, and F has at least k vertices of odd degree, then h(F) = k. 
Now, we come to the main result of this section. 
Theorem 7. Let d be a fixed positive integer. Then there is an integer N =N(d)  such 
that if F is any forest with maximum degree at most d, and F has m >~ N edges, then 
@(F)=q(m) or q(m) - l .  
Furthermore, if F has at least q (m) -  2r(m) odd-degree vertices, then ~k(F)=q(m). 
Proof. For the rest of this proof, and the rest of the paper, we fix eo = 1/95 000. 
Firstly, suppose that F has at least eom leaves. By definition, q(m) is O(ml/2). Thus, 
if m ~>NI, say, we have leom >.q(m), and so F has at least ½eom +q(m) leaves. Since 
r(m)<q(m), we can remove r(m) leaves from F to form an exact forest F' with 
m'= (q(2 m)) edges and at least 1 , -~eom leaves. If m>~N2, say, we have mr>~M(d, 1U0), 
and so, by Theorem 2, there is a harmonious colouring y of F '  with Q(m')=q(m) 
colours, where y is also pair-complete. Since F r was formed by deleting leaves from 
F, it is clear that y can be extended to a pair-complete colouring of F with q(m) 
colours. Hence, @(F)=q(m). 
Alternatively, suppose that F has fewer than eom leaves. If we also assume that 
m>~No, say, we can form an exact forest Fe with me= (q(2 m)) edges by performing 
r(m) delete and tie operations on F. Let d r =max{4,d}. There are now two subcases 
to consider. 
Subcase 1: F has at least q(m)-2r(m) odd vertices (i.e. odd-degree vertices). Then 
Fe has at least q(m) odd vertices, since each delete and tie operation creates two new 
odd vertices (i.e. two new leaves). If m~N3, say, we have meSA(dr), and so, by 
Corollary 6, h(F~)=q(m). Hence, by Lemma 4, ~/(F)=q(m). 
Subcase 2: F has fewer than q(m) - 2r(m) odd vertices. Then Fe has fewer than 
q(m) odd vertices. If m>~N4, say, we have me>~No, and so we may form a forest 
F rr with m"= (q(2)-1 ) edges by performing q(m) -  1 delete and tie operations on Ft. 
Now F" has at least q(m) -  1 odd vertices, since it has at least 2(q(m) - 1) leaves. 
Thus, if m>>-Ns, ay, we have m">>.A(dr), and so, by Corollary 6, h(F ' )=q(m) -  1. 
Hence, by Lemma 4, @(F)>~q(m)- 1. 
Choosing N =max{No,N1,N2,Na,N4,Ns} completes the proof. [] 
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3. Polynomial time algorithm 
The authors have shown previously that the problem of determining the achromatic 
number of a tree is NP-hard [1], the proof of which was made fairly straightforward 
in consequence of earlier work by Edwards and McDiarmid [4]. In this section, we 
present a polynomial-time algorithm for determining the achromatic number of a forest 
with maximum degree at most d, where d is any fixed positive integer. Now, we give 
a brief outline of the main concepts that will allow us to specify this algorithm. Given 
that F is a forest with m edges and few leaves, we will define four reduced structures 
which can be formed from F; these will be called the reduced Jorest, deleted forest, 
decreased forest and diminished forest. We will then derive certain conditions for a 
colouring of a diminished forest of F to be extendable to a pair-complete colouring 
of F with q(m) colours. These conditions, together with Theorem 7 and the concept 
of delete and tie operations, allow us to specify the algorithm. 
3.1. Reduced forest and deleted Jorest 
Let v be a vertex in a forest. Denote the degree of v by d(v), and let ul,u2 . . . . .  ua(~,) 
be the neighbours of v. Define the splitting operation on v as splitting v into d(v) new 
leaves vl,v2 ..... va<v), so that for each 14 i4d(v ) ,  the original neighbour ui of v is 
now adjacent o vi instead of v. Let the set S~ contain the new vertices vl, u2,..., Vd(t,) 
that are formed by this operation. We will refer to S,, as the split set of v. 
Let F be an exact forest with m = (~) edges, no isolated vertices and at most e0m 
leaves. Let j be a positive integer and let e =2( j  + 1)e0. Edwards [2] showed that 
we can form forests called the reduced forest F* and the deleted Jbrest f" from F. 
Their definitions and properties will now be re-stated. Let x be the number of edges 
in F which are not on a maximal 2-path of length at least j. Choose U to be the least 
integer t such that (~)~>x and t=k(mod2) .  Let m'= (k2). Then in [2] it is shown 
that mt~6x<~6em, from which it follows easily that U<~(6~)l/Zk + 1. Let P initially 
be the set of all maximal 2-paths of length at least j in F. Clearly, the total length 
of the paths in P is m-x  at this stage. Then in [2] it is also shown that we can 
repeatedly remove one edge from the longest 2-path remaining in P, until the total 
length in P is m- m'. We then form the reduced forest F* with m'= (k2') edges, 
from F, by contracting each of the paths in P to a vertex. Clearly, F* contains all of 
the odd vertices from F. It may also be shown that F* has at least e~m t leaves, where 
e.'= 1/12(j + 1). We obtain the deleted forest P from F* by performing the splitting 
operation on each of the vertices to which a path has been contracted. 
3.2. Decreased Jbrest and diminished forest 
Let F be a forest with m edges, no isolated vertices and at most ½eom leaves. Let 
j be a positive integer. Let U be a set of edges in F where IUI =r(m).  From F, we 
form a forest F '  with (q(2 m)) edges by deleting all edges in U, and any isolated vertices 
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which result. Now, we take F' and perform the splitting operation on each vertex in 
turn that is the endpoint of an edge in U. We let the resulting forest be the decreased 
forest Ft~ of F with respect o U (we perform the splitting operations to split any 
new 2-paths of length at least j which are formed in F'). Clearly, Fu also has (q(2 m)) 
edges. Let X be the set of edges in F which are not on a maximal 2-path of length 
at least j .  Let Xu be the set of edges in Fv which are not on a maximal 2-path of 
length at least j. Note that by performing the splitting operations we ensure that every 
edge in X becomes an edge in Xv unless it is in U. Now, we consider the number 
of edges which can end up in Xu having not originally been in X. The maximum 
number of edges which would no longer be on a maximal 2-path of length at least 
j as a result of one edge being removed is 2j, and this maximum only occurs if the 
edge removed is the middle edge of a maximal 2-path of length 2j + 1 exactly. Since 
we delete r(m) edges from F when forming Fu, at most 2jr(m) of the edges which 
were not originally in X can become dges in Xv. It follows that IXuI <~ Ixl +2jr(m). 
Furthermore, it is easily verified that Fu has at most 2 (d -  1)r(m) more leaves than F. 
Now r(m) is O(m 1/2) at most. Hence, if m is large enough, Fu has at most eo(q(2 m)) 
leaves. This being so, we form the deleted forest Fu of Fv. Note that Fu contains all 
of the vertices from split sets in Fu, since they are all leaves in Fv. Furthermore, from 
the properties of deleted forests we know that Fu has ~<6lsuI edges. Let I be the 
set of vertices in F which are only incident o edges in U. Now take Fu and insert 
all vertices from 1 (as isolated vertices), then identify vertices vl, v2 .... , Vd(v) for each 
split set St, = {v~, v2,..., Vd(v)}, and then insert all edges from U. We let the resulting 
forest be the diminished forest Ft: of F with respect o U. Note that/6~ has rh edges, 
where rh =~ + r(m)<~6lXt:[ + r(m)<<,6[X I + (12j + 1)r(m). 
For the following lemma, and the rest of the section, we fix j = 18. 
Lemma 8. Let F be a forest with m edges and at most ½eom leaves. Let Fe be an 
exact forest with me edges and at most ~ome leaves, that is jormed by performin9 
* edges be the reduced forest r(m) delete and tie operations on F. Let F* with m e
of Fe. Then any diminished forest o f f  has fewer than 126m* edges. 
Proof. Let X be the set of edges in F which are not on a maximal 2-path of length at 
least j. Let Xe be the set of edges in Fe which are not on a maximal 2-path of length 
at least j. Each delete and tie operation creates two new leaves, and hence at least two 
edges in Xe that were not in X. Furthermore, all of the edges in X become edges in 
X e. Hence, IXel/> IX[ + 2r(m). From the properties of reduced forests we know that 
*/> IX=l, and so, 126m* = 7jm* ~>7j[X I + 14jr(m). Having previously shown that any me 
diminished forest of F has at most 61xl + (12j + 1 )r(m) edges, the result follows. [] 
Definition of degree sum (Edwards [2]). Let G be a graph and consider any harmonious 
colouring ~ : V(G) --~ F of G with colour set F. For any colour c E F, we define the 
degree sum of colour c, denoted aT(c ), to be the sum of the degrees of the vertices 
with colour c. Also, if G is a subgraph of a graph H, we define the degree sum of 
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colour c with respect o H, denoted ar(c,H), by 
o'~,(c,H)= ~ de(v), 
~(v)-c 
where dH(v) is the degree of v in H. 
Given that F is an exact forest with m edges, we now state a lemma from [2] which 
gives certain conditions for a harmonious colouring of the deleted forest of F to be 
extendable to a harmonious colouring of F with Q(m) colours. 
Lemma 9 (Edwards [21). Let F be a forest with m = (~) edges, no isolated vertices, 
and at most eom leaves. Let fi" be the deleted forest of F with m'-- (k2 ') edyes. 
Then there is an integer B=B(d)  such that h (F )=k provided that m>~B and there 
is a harmonious colouring 7 of fi" with at most k colours satisfyiny the following 
conditions: (i) for each colour c, mfic)<~(6e)l/2k + 1, where e=2( j  + 1)e0, (ii) for 
each colour c, a~(c,F) -  k -  l (mod 2), (iii) if k is even, at most (6e)l/2k + 1 colours 
occur on more than one vertex, and (iv) if k is odd, at most (6e)l/2k + 1 colours are 
used in the colouring. 
Remark. The proof of the above lemma, as given in [2], actually establishes that a 
colouring 7 of P satisfying the given conditions can be extended to a harmonious 
colouring of F with k colours. We shall use this fact. 
Given that F is a forest with m edges, where q(m) is odd, we now prove a lemma 
which gives certain conditions for a colouring of a diminished forest of F to be ex- 
tendable to a pair-complete colouring of F with q(m) colours. 
Lemma 10. Let F be a forest with m edyes, no isolated vertices and at most ½tom 
leaves, where q(m) is odd. Let U be a set of edges in F where IuI =r(m). Let F' be 
the forest formed from F by deletin9 all edyes in U, and any isolated vertices which 
result. Let JOu be the diminished forest of F with respect o U. Let P be the forest 
formed from fi'u by de&tiny all edyes in U, and any isolated vertices which result. 
Then there is an integer C = C(d) such that a proper vertex colouriny ~ of t6u with 
at most q(m) colours can be extended to a pair-complete colouriny of F with q(m) 
colours provided that m >1 C and ~ induces a harmonious colouriny ~ of fi" with at 
most (6e)l/2q(m) + 1 colours such that jbr each colour c, a~(c,F') is even. 
Proof. Let Fu be the decreased forest of F with respect o U. The harmonious colour- 
ing ~ of P naturally induces a harmonious colouring ~ of the deleted forest Fu of Fu 
such that for each split set Sv={vl,v2 .. . . .  vd(o} in if'g, the vertices vj,v2 .. . . .  Vd(v) 
are all given the colour ~(v). As a result of the way Fu is formed from F ,  it 
follows from the properties of ~ that for each colour c that is used in 9, we have 
a~(c, Fu)=q(m) - 1 (mod2). Furthermore, ~ uses at most (6e)l/2q(m)+ 1 colours, and 
also Fu has (q(2 m)) edges. Now choose C= C(d) such that (q(C))>~B(d), where B(d) 
N. Cairnie, K. Edwards~Discrete Mathematics 188 (1998) 87-97 95 
is the integer defined in Lemma 9. Hence, if m>~C, then ~ satisfies the conditions 
of Lemma 9 and so can be extended to a harmonious colouring 7 of Fu with q(m) 
colours, where y is also pair-complete. Note that for each split set Sv in Fv, all of the 
vertices in Sv are coloured the same under 7. Thus, 7 immediately gives a pair-complete 
colouring ~,i of F' with q(m) colours. Let I be the set of vertices in F which are only 
incident to edges in U. We now insert all vertices from I (as isolated vertices) into 
F' to form a forest F". We then set 7'(v)=~(v), for each vEl. Now F" contains 
every vertex in F, and, moreover, 7'(u)=~(u) for each endpoint u of an edge U. 
It follows that for each edge {u;v} E U, we have 7~(u) ~ 7'(v), since ~ is a proper 
vertex colouring of/0u and Fu contains all of the edges in U. Hence, 71 also specifies 
a pair-complete colouring of F with q(m) colours, since we can form F from F" by 
inserting all edges from U. The result follows. [] 
We may now state and prove the main result of this section. 
Theorem 11. Let d be a fixed positive integer. Then the follow&9 optimisation prob- 
lem can be solved in polynomial time: 
Instance: Forest F with maximum degree at most d. 
Question: What is ~b(F)? 
Proof. Deleting any isolated vertices from F results in a forest with achromatic num- 
ber equal to ~b(F). Hence, we may assume that F has no isolated vertices. Let the 
number of edges in F be m. Let N =N(d)  be the integer defined in Theorem 7, and 
let C = C(d) be the integer defined in Lemma 10. Let N' be the least integer such that 
q(m) <~ ½~o (q(~)) for all m ~>N'. If m ~< max{N,N', 2C}, we can determine ~b(F) by ex- 
haustive search. So assume that m> max{N, NI,2C}. From Theorem 7, we may further 
assume that F has fewer than q(m)-2r(m) odd vertices, since otherwise ~b(F)= q(m). 
Thus, the number of leaves in F is fewer than q(m)-2r(m)<~q(m)<~ ~0(1 q(ra)2 )<<,Scorn.1 
There are now two cases. 
Case 1" q(m) is odd. Since m>~U, we may form a forest Fe with me = (q~m)) edges 
by performing r(m) delete and tie operations on F. Clearly, Fe has fewer than q(m) odd 
vertices. Thus, the number of leaves in Fc is fewer than q(m)<~½eo(q~2 m)) ' ---- ~g0me <
e0mc. Furthermore, since m ~>2C, we certainly have that m e ~>C/>B, where B is the 
• integer defined in Lemma 9. We now form the reduced forest F~* of F~ with me -- 
edges and at least ~ * g m e leaves. 
If m* >>,M(d,e'), then by Theorem 2, there is a harmonious colouring 7" o fF*  with 
k' colours. Since k' <<.(6e)l/2q(m)+ 1 and U is odd, 7" immediately gives a harmonious 
colouring of the deleted forest of Fe which satisfies the conditions of Lemma 9. Hence, 
h(Fe)=q(m), and so, by Lemma 4, ~O(F)=q(m). 
• <M(d, el). If 252M(d,e')>(6e)l/2q(m) + 1, then m Alternatively, suppose that m e 
is bounded by a constant; so we use exhaustive search on F to determine ~b(F). So 
suppose that 252M(d,e I) <~(6e)l/2q(m)+ 1. Now, given a set U of edges in F, where 
IUI =r(m) ,  the diminished forest/~u of F with respect o U contains at least r(m) 
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edges, since it contains all edges in U. But by Lemma 8, every diminished forest 
of F has fewer than 126M(d,d) edges, so r (m)< 126M(d,d). Hence, the number of 
m different combinations of r(m) edges chosen from the m edges in F, i.e. (r~m))' is 
bounded polynomially in terms of m. Thus, the number of diminished forests of F 
is bounded polynomially in m, and so we can form them all explicitly and determine 
by exhaustive search whether or not any of them admits a colouring satisfying the 
conditions of Lemma 10. If one of them does, then ~b(F)=-q(m). So suppose that 
none of them admits such a colouring, and that, despite this, there is a pair-complete 
colouring y of F with q(m) colours. Clearly, 7 induces a pair-complete colouring with 
q(m) colours in at least one subforest F',  say, of F with (q{2 m)) edges. Let U be the 
set of edges that must be removed from F to form F t. Let f'u, with rh edges, be the 
diminished forest of F with respect o U, and let F, with rh edges, be the forest formed 
from Fv by deleting all edges in U, and any isolated vertices which result. Let 7 ~ be 
the pair-complete colouring of F t with q(m) colours that is induced by 7. Since F ~ 
has exactly (q(2 m)) edges, 7' is also harmonious. Furthermore, the degree sum of each 
colour used in 7 t is even. Hence, 7 ~ naturally induces a harmonious colouring ~ of P in 
which the degree sum of each colour with respect o F t is even (since P can be formed 
from F t solely by deleting vertices of degree 2). The number of colours used by 
is at most the number of vertices in F, which, since P contains no isolated vertices, 
is at most 2rh<<.2rh<252M(d,d)<~(6e)l/2q(m)+ 1. Since /~u is a subgraph of F, it 
is clear that 7 induces a proper vertex colouring "~ of Fv with at most q(m) colours. 
Since ~ also induces the colouring ~ of F, it follows that ~ satisfies the conditions 
of Lemma 10, contrary to assumption. Hence, t~(F)#q(m), and so, by Theorem 7, 
~(F) = q(m) - 1. 
Case 2: q(m) is even. Any forest formed by deleting r(m) edges from F has (q{2 m)) 
edges and fewer than q(m) odd vertices (since F has fewer than q(m) -  2r(m) odd 
vertices). Hence, no subforest of F with (q~)) edges can be coloured with a pair- 
complete (or harmonious) colouring with q(m) colours, since in such a colouring the 
degree sum of each colour must be odd. Thus, ~(F )# q(m), and so, by Theorem 7, 
~k(F) = q(m) - 1. 
It is clear that the algorithm runs in polynomial time, so the proof is complete. 
Remark. We note that the polynomial time algorithm outlined in the above proof is 
not really practical, since, even for d = 3, Theorem 7 only applies to very large trees. 
The methods which we have outlined also provide a polynomial time algorithm which, 
given a forest F of maximum degree d, outputs a pair-complete colouring of F with 
if(F) colours. However, this algorithm is also unlikely to be practicable. 
4. Concluding remarks 
The problem of determining ~(T) for a tree T is NP-hard [1]. However, in this 
paper we have presented a polynomial algorithm to determine ~(T) for a bounded 
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degree tree T. We have also seen that ~b(T) is q(m) or q(m) - 1 if T is large enough 
and of bounded egree. 
Given that d is a fixed integer, four interesting related open problems are the com- 
plexities of determining ~b(G) and h(G), respectively, for (i) a graph G of maximum 
degree d, and (ii) a planar graph G of maximum degree d. The versions of these 
open problems when d = 3 and d = 4 are particularly interesting, since determining the 
normal chromatic number of a planar graph of maximum degree 4 is NP-hard. 
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